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08 - Probabilistic systems

[Ex. 1] A gambler wins a considerable amount of money by betting repeat-
edly that in four rolls of a die at least one six would turn up. To get more
people to play, he decides to change the game to bet that in N rolls of two
dice a pair of six will show up. What is the least value of N that is favourable
to the gambler?

[Ex. 2] A mouse runs through the maze shown below. At each step it stays
in the room or it leaves the room by choosing at random one of the doors
(all choices have equal probability).
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Figure 11.7: Maze for Exercise 7.

6 For the Land of Oz example (Example 11.1), make rain into an absorbing
state and find the fundamental matrix N. Interpret the results obtained from
this chain in terms of the original chain.

7 A rat runs through the maze shown in Figure 11.7. At each step it leaves the
room it is in by choosing at random one of the doors out of the room.

(a) Give the transition matrix P for this Markov chain.

(b) Show that it is an ergodic chain but not a regular chain.

(c) Find the fixed vector.

(d) Find the expected number of steps before reaching Room 5 for the first
time, starting in Room 1.

8 Modify the program ErgodicChain so that you can compute the basic quan-
tities for the queueing example of Exercise 11.3.20. Interpret the mean recur-
rence time for state 0.

9 Consider a random walk on a circle of circumference n. The walker takes
one unit step clockwise with probability p and one unit counterclockwise with
probability q = 1 � p. Modify the program ErgodicChain to allow you to
input n and p and compute the basic quantities for this chain.

(a) For which values of n is this chain regular? ergodic?

(b) What is the limiting vector w?

(c) Find the mean first passage matrix for n = 5 and p = .5. Verify that
mij = d(n � d), where d is the clockwise distance from i to j.

10 Two players match pennies and have between them a total of 5 pennies. If at
any time one player has all of the pennies, to keep the game going, he gives
one back to the other player and the game will continue. Show that this game
can be formulated as an ergodic chain. Study this chain using the program
ErgodicChain.

1. Draw the transition graph and give the matrix P for this DTMC.

2. Show that it is ergodic and compute the steady state distribution.

3. Assuming the mouse is initially in room 1, what is the probability that
it is in room 6 after three steps?

[Ex. 3] You have 3 umbrellas, some at home, some at the o�ce. You keep
moving between home and o�ce.

• If it rains you take an umbrella with you from one place to another.

• If it does not rain you do not carry any umbrella.

It may happen that you must leave one place and it starts raining, but you
do not have any umbrella with you, so you get wet.
Suppose you have been doing this for several years and that the probability
of rain is (and has always been) p.
You are about to leave one place, what is the probability that you get wet?
Use DTMCs to answer the question.
Hint: In the modelling of states, the fact that you are at home or in the
o�ce is irrelevant.



Ex. 1, rolling dice
No six in one roll has probability
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[Ex. 1] A gambler wins a considerable amount of money by betting repeat-
edly that in four rolls of a die at least one six would turn up. To get more
people to play, he decides to change the game to bet that in N rolls of two
dice a pair of six will show up. What is the least value of N that is favourable
to the gambler?

[Ex. 2] A mouse runs through the maze shown below. At each step it stays
in the room or it leaves the room by choosing at random one of the doors
(all choices have equal probability).
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Figure 11.7: Maze for Exercise 7.

6 For the Land of Oz example (Example 11.1), make rain into an absorbing
state and find the fundamental matrix N. Interpret the results obtained from
this chain in terms of the original chain.

7 A rat runs through the maze shown in Figure 11.7. At each step it leaves the
room it is in by choosing at random one of the doors out of the room.

(a) Give the transition matrix P for this Markov chain.

(b) Show that it is an ergodic chain but not a regular chain.

(c) Find the fixed vector.

(d) Find the expected number of steps before reaching Room 5 for the first
time, starting in Room 1.

8 Modify the program ErgodicChain so that you can compute the basic quan-
tities for the queueing example of Exercise 11.3.20. Interpret the mean recur-
rence time for state 0.

9 Consider a random walk on a circle of circumference n. The walker takes
one unit step clockwise with probability p and one unit counterclockwise with
probability q = 1 � p. Modify the program ErgodicChain to allow you to
input n and p and compute the basic quantities for this chain.

(a) For which values of n is this chain regular? ergodic?

(b) What is the limiting vector w?

(c) Find the mean first passage matrix for n = 5 and p = .5. Verify that
mij = d(n � d), where d is the clockwise distance from i to j.

10 Two players match pennies and have between them a total of 5 pennies. If at
any time one player has all of the pennies, to keep the game going, he gives
one back to the other player and the game will continue. Show that this game
can be formulated as an ergodic chain. Study this chain using the program
ErgodicChain.

1. Draw the transition graph and give the matrix P for this DTMC.

2. Show that it is ergodic and compute the steady state distribution.

3. Assuming the mouse is initially in room 1, what is the probability that
it is in room 6 after three steps?

[Ex. 3] You have 3 umbrellas, some at home, some at the o�ce. You keep
moving between home and o�ce.

• If it rains you take an umbrella with you from one place to another.

• If it does not rain you do not carry any umbrella.

It may happen that you must leave one place and it starts raining, but you
do not have any umbrella with you, so you get wet.
Suppose you have been doing this for several years and that the probability
of rain is (and has always been) p.
You are about to leave one place, what is the probability that you get wet?
Use DTMCs to answer the question.
Hint: In the modelling of states, the fact that you are at home or in the
o�ce is irrelevant.
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[Ex. 1] A gambler wins a considerable amount of money by betting repeat-
edly that in four rolls of a die at least one six would turn up. To get more
people to play, he decides to change the game to bet that in N rolls of two
dice a pair of six will show up. What is the least value of N that is favourable
to the gambler?

[Ex. 2] A mouse runs through the maze shown below. At each step it stays
in the room or it leaves the room by choosing at random one of the doors
(all choices have equal probability).
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6 For the Land of Oz example (Example 11.1), make rain into an absorbing
state and find the fundamental matrix N. Interpret the results obtained from
this chain in terms of the original chain.

7 A rat runs through the maze shown in Figure 11.7. At each step it leaves the
room it is in by choosing at random one of the doors out of the room.

(a) Give the transition matrix P for this Markov chain.

(b) Show that it is an ergodic chain but not a regular chain.

(c) Find the fixed vector.

(d) Find the expected number of steps before reaching Room 5 for the first
time, starting in Room 1.

8 Modify the program ErgodicChain so that you can compute the basic quan-
tities for the queueing example of Exercise 11.3.20. Interpret the mean recur-
rence time for state 0.

9 Consider a random walk on a circle of circumference n. The walker takes
one unit step clockwise with probability p and one unit counterclockwise with
probability q = 1 � p. Modify the program ErgodicChain to allow you to
input n and p and compute the basic quantities for this chain.

(a) For which values of n is this chain regular? ergodic?

(b) What is the limiting vector w?

(c) Find the mean first passage matrix for n = 5 and p = .5. Verify that
mij = d(n � d), where d is the clockwise distance from i to j.

10 Two players match pennies and have between them a total of 5 pennies. If at
any time one player has all of the pennies, to keep the game going, he gives
one back to the other player and the game will continue. Show that this game
can be formulated as an ergodic chain. Study this chain using the program
ErgodicChain.

1. Draw the transition graph and give the matrix P for this DTMC.

2. Show that it is ergodic and compute the steady state distribution.

3. Assuming the mouse is initially in room 1, what is the probability that
it is in room 6 after three steps?

[Ex. 3] You have 3 umbrellas, some at home, some at the o�ce. You keep
moving between home and o�ce.

• If it rains you take an umbrella with you from one place to another.

• If it does not rain you do not carry any umbrella.

It may happen that you must leave one place and it starts raining, but you
do not have any umbrella with you, so you get wet.
Suppose you have been doing this for several years and that the probability
of rain is (and has always been) p.
You are about to leave one place, what is the probability that you get wet?
Use DTMCs to answer the question.
Hint: In the modelling of states, the fact that you are at home or in the
o�ce is irrelevant.
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edly that in four rolls of a die at least one six would turn up. To get more
people to play, he decides to change the game to bet that in N rolls of two
dice a pair of six will show up. What is the least value of N that is favourable
to the gambler?
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Figure 11.7: Maze for Exercise 7.

6 For the Land of Oz example (Example 11.1), make rain into an absorbing
state and find the fundamental matrix N. Interpret the results obtained from
this chain in terms of the original chain.

7 A rat runs through the maze shown in Figure 11.7. At each step it leaves the
room it is in by choosing at random one of the doors out of the room.

(a) Give the transition matrix P for this Markov chain.

(b) Show that it is an ergodic chain but not a regular chain.

(c) Find the fixed vector.

(d) Find the expected number of steps before reaching Room 5 for the first
time, starting in Room 1.

8 Modify the program ErgodicChain so that you can compute the basic quan-
tities for the queueing example of Exercise 11.3.20. Interpret the mean recur-
rence time for state 0.

9 Consider a random walk on a circle of circumference n. The walker takes
one unit step clockwise with probability p and one unit counterclockwise with
probability q = 1 � p. Modify the program ErgodicChain to allow you to
input n and p and compute the basic quantities for this chain.

(a) For which values of n is this chain regular? ergodic?

(b) What is the limiting vector w?

(c) Find the mean first passage matrix for n = 5 and p = .5. Verify that
mij = d(n � d), where d is the clockwise distance from i to j.

10 Two players match pennies and have between them a total of 5 pennies. If at
any time one player has all of the pennies, to keep the game going, he gives
one back to the other player and the game will continue. Show that this game
can be formulated as an ergodic chain. Study this chain using the program
ErgodicChain.

1. Draw the transition graph and give the matrix P for this DTMC.

2. Show that it is ergodic and compute the steady state distribution.

3. Assuming the mouse is initially in room 1, what is the probability that
it is in room 6 after three steps?

[Ex. 3] You have 3 umbrellas, some at home, some at the o�ce. You keep
moving between home and o�ce.

• If it rains you take an umbrella with you from one place to another.

• If it does not rain you do not carry any umbrella.

It may happen that you must leave one place and it starts raining, but you
do not have any umbrella with you, so you get wet.
Suppose you have been doing this for several years and that the probability
of rain is (and has always been) p.
You are about to leave one place, what is the probability that you get wet?
Use DTMCs to answer the question.
Hint: In the modelling of states, the fact that you are at home or in the
o�ce is irrelevant.
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6 For the Land of Oz example (Example 11.1), make rain into an absorbing
state and find the fundamental matrix N. Interpret the results obtained from
this chain in terms of the original chain.

7 A rat runs through the maze shown in Figure 11.7. At each step it leaves the
room it is in by choosing at random one of the doors out of the room.

(a) Give the transition matrix P for this Markov chain.

(b) Show that it is an ergodic chain but not a regular chain.

(c) Find the fixed vector.

(d) Find the expected number of steps before reaching Room 5 for the first
time, starting in Room 1.

8 Modify the program ErgodicChain so that you can compute the basic quan-
tities for the queueing example of Exercise 11.3.20. Interpret the mean recur-
rence time for state 0.

9 Consider a random walk on a circle of circumference n. The walker takes
one unit step clockwise with probability p and one unit counterclockwise with
probability q = 1 � p. Modify the program ErgodicChain to allow you to
input n and p and compute the basic quantities for this chain.

(a) For which values of n is this chain regular? ergodic?

(b) What is the limiting vector w?

(c) Find the mean first passage matrix for n = 5 and p = .5. Verify that
mij = d(n � d), where d is the clockwise distance from i to j.

10 Two players match pennies and have between them a total of 5 pennies. If at
any time one player has all of the pennies, to keep the game going, he gives
one back to the other player and the game will continue. Show that this game
can be formulated as an ergodic chain. Study this chain using the program
ErgodicChain.

1. Draw the transition graph and give the matrix P for this DTMC.

2. Show that it is ergodic and compute the steady state distribution.

3. Assuming the mouse is initially in room 1, what is the probability that
it is in room 6 after three steps?

[Ex. 3] You have 3 umbrellas, some at home, some at the o�ce. You keep
moving between home and o�ce.

• If it rains you take an umbrella with you from one place to another.

• If it does not rain you do not carry any umbrella.

It may happen that you must leave one place and it starts raining, but you
do not have any umbrella with you, so you get wet.
Suppose you have been doing this for several years and that the probability
of rain is (and has always been) p.
You are about to leave one place, what is the probability that you get wet?
Use DTMCs to answer the question.
Hint: In the modelling of states, the fact that you are at home or in the
o�ce is irrelevant.
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[Ex. 1] A gambler wins a considerable amount of money by betting repeat-
edly that in four rolls of a die at least one six would turn up. To get more
people to play, he decides to change the game to bet that in N rolls of two
dice a pair of six will show up. What is the least value of N that is favourable
to the gambler?

[Ex. 2] A mouse runs through the maze shown below. At each step it stays
in the room or it leaves the room by choosing at random one of the doors
(all choices have equal probability).
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Figure 11.7: Maze for Exercise 7.

6 For the Land of Oz example (Example 11.1), make rain into an absorbing
state and find the fundamental matrix N. Interpret the results obtained from
this chain in terms of the original chain.

7 A rat runs through the maze shown in Figure 11.7. At each step it leaves the
room it is in by choosing at random one of the doors out of the room.

(a) Give the transition matrix P for this Markov chain.

(b) Show that it is an ergodic chain but not a regular chain.

(c) Find the fixed vector.

(d) Find the expected number of steps before reaching Room 5 for the first
time, starting in Room 1.

8 Modify the program ErgodicChain so that you can compute the basic quan-
tities for the queueing example of Exercise 11.3.20. Interpret the mean recur-
rence time for state 0.

9 Consider a random walk on a circle of circumference n. The walker takes
one unit step clockwise with probability p and one unit counterclockwise with
probability q = 1 � p. Modify the program ErgodicChain to allow you to
input n and p and compute the basic quantities for this chain.

(a) For which values of n is this chain regular? ergodic?

(b) What is the limiting vector w?

(c) Find the mean first passage matrix for n = 5 and p = .5. Verify that
mij = d(n � d), where d is the clockwise distance from i to j.

10 Two players match pennies and have between them a total of 5 pennies. If at
any time one player has all of the pennies, to keep the game going, he gives
one back to the other player and the game will continue. Show that this game
can be formulated as an ergodic chain. Study this chain using the program
ErgodicChain.

1. Draw the transition graph and give the matrix P for this DTMC.

2. Show that it is ergodic and compute the steady state distribution.

3. Assuming the mouse is initially in room 1, what is the probability that
it is in room 6 after three steps?

[Ex. 3] You have 3 umbrellas, some at home, some at the o�ce. You keep
moving between home and o�ce.

• If it rains you take an umbrella with you from one place to another.

• If it does not rain you do not carry any umbrella.

It may happen that you must leave one place and it starts raining, but you
do not have any umbrella with you, so you get wet.
Suppose you have been doing this for several years and that the probability
of rain is (and has always been) p.
You are about to leave one place, what is the probability that you get wet?
Use DTMCs to answer the question.
Hint: In the modelling of states, the fact that you are at home or in the
o�ce is irrelevant.
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[Ex. 1] A gambler wins a considerable amount of money by betting repeat-
edly that in four rolls of a die at least one six would turn up. To get more
people to play, he decides to change the game to bet that in N rolls of two
dice a pair of six will show up. What is the least value of N that is favourable
to the gambler?

[Ex. 2] A mouse runs through the maze shown below. At each step it stays
in the room or it leaves the room by choosing at random one of the doors
(all choices have equal probability).
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Figure 11.7: Maze for Exercise 7.

6 For the Land of Oz example (Example 11.1), make rain into an absorbing
state and find the fundamental matrix N. Interpret the results obtained from
this chain in terms of the original chain.

7 A rat runs through the maze shown in Figure 11.7. At each step it leaves the
room it is in by choosing at random one of the doors out of the room.

(a) Give the transition matrix P for this Markov chain.

(b) Show that it is an ergodic chain but not a regular chain.

(c) Find the fixed vector.

(d) Find the expected number of steps before reaching Room 5 for the first
time, starting in Room 1.

8 Modify the program ErgodicChain so that you can compute the basic quan-
tities for the queueing example of Exercise 11.3.20. Interpret the mean recur-
rence time for state 0.

9 Consider a random walk on a circle of circumference n. The walker takes
one unit step clockwise with probability p and one unit counterclockwise with
probability q = 1 � p. Modify the program ErgodicChain to allow you to
input n and p and compute the basic quantities for this chain.

(a) For which values of n is this chain regular? ergodic?

(b) What is the limiting vector w?

(c) Find the mean first passage matrix for n = 5 and p = .5. Verify that
mij = d(n � d), where d is the clockwise distance from i to j.

10 Two players match pennies and have between them a total of 5 pennies. If at
any time one player has all of the pennies, to keep the game going, he gives
one back to the other player and the game will continue. Show that this game
can be formulated as an ergodic chain. Study this chain using the program
ErgodicChain.

1. Draw the transition graph and give the matrix P for this DTMC.

2. Show that it is ergodic and compute the steady state distribution.

3. Assuming the mouse is initially in room 1, what is the probability that
it is in room 6 after three steps?

[Ex. 3] You have 3 umbrellas, some at home, some at the o�ce. You keep
moving between home and o�ce.

• If it rains you take an umbrella with you from one place to another.

• If it does not rain you do not carry any umbrella.

It may happen that you must leave one place and it starts raining, but you
do not have any umbrella with you, so you get wet.
Suppose you have been doing this for several years and that the probability
of rain is (and has always been) p.
You are about to leave one place, what is the probability that you get wet?
Use DTMCs to answer the question.
Hint: In the modelling of states, the fact that you are at home or in the
o�ce is irrelevant.
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people to play, he decides to change the game to bet that in N rolls of two
dice a pair of six will show up. What is the least value of N that is favourable
to the gambler?

[Ex. 2] A mouse runs through the maze shown below. At each step it stays
in the room or it leaves the room by choosing at random one of the doors
(all choices have equal probability).
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Figure 11.7: Maze for Exercise 7.

6 For the Land of Oz example (Example 11.1), make rain into an absorbing
state and find the fundamental matrix N. Interpret the results obtained from
this chain in terms of the original chain.

7 A rat runs through the maze shown in Figure 11.7. At each step it leaves the
room it is in by choosing at random one of the doors out of the room.

(a) Give the transition matrix P for this Markov chain.

(b) Show that it is an ergodic chain but not a regular chain.

(c) Find the fixed vector.

(d) Find the expected number of steps before reaching Room 5 for the first
time, starting in Room 1.

8 Modify the program ErgodicChain so that you can compute the basic quan-
tities for the queueing example of Exercise 11.3.20. Interpret the mean recur-
rence time for state 0.

9 Consider a random walk on a circle of circumference n. The walker takes
one unit step clockwise with probability p and one unit counterclockwise with
probability q = 1 � p. Modify the program ErgodicChain to allow you to
input n and p and compute the basic quantities for this chain.

(a) For which values of n is this chain regular? ergodic?

(b) What is the limiting vector w?

(c) Find the mean first passage matrix for n = 5 and p = .5. Verify that
mij = d(n � d), where d is the clockwise distance from i to j.

10 Two players match pennies and have between them a total of 5 pennies. If at
any time one player has all of the pennies, to keep the game going, he gives
one back to the other player and the game will continue. Show that this game
can be formulated as an ergodic chain. Study this chain using the program
ErgodicChain.

1. Draw the transition graph and give the matrix P for this DTMC.

2. Show that it is ergodic and compute the steady state distribution.

3. Assuming the mouse is initially in room 1, what is the probability that
it is in room 6 after three steps?

[Ex. 3] You have 3 umbrellas, some at home, some at the o�ce. You keep
moving between home and o�ce.

• If it rains you take an umbrella with you from one place to another.

• If it does not rain you do not carry any umbrella.

It may happen that you must leave one place and it starts raining, but you
do not have any umbrella with you, so you get wet.
Suppose you have been doing this for several years and that the probability
of rain is (and has always been) p.
You are about to leave one place, what is the probability that you get wet?
Use DTMCs to answer the question.
Hint: In the modelling of states, the fact that you are at home or in the
o�ce is irrelevant.
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edly that in four rolls of a die at least one six would turn up. To get more
people to play, he decides to change the game to bet that in N rolls of two
dice a pair of six will show up. What is the least value of N that is favourable
to the gambler?

[Ex. 2] A mouse runs through the maze shown below. At each step it stays
in the room or it leaves the room by choosing at random one of the doors
(all choices have equal probability).
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6 For the Land of Oz example (Example 11.1), make rain into an absorbing
state and find the fundamental matrix N. Interpret the results obtained from
this chain in terms of the original chain.

7 A rat runs through the maze shown in Figure 11.7. At each step it leaves the
room it is in by choosing at random one of the doors out of the room.

(a) Give the transition matrix P for this Markov chain.

(b) Show that it is an ergodic chain but not a regular chain.

(c) Find the fixed vector.

(d) Find the expected number of steps before reaching Room 5 for the first
time, starting in Room 1.

8 Modify the program ErgodicChain so that you can compute the basic quan-
tities for the queueing example of Exercise 11.3.20. Interpret the mean recur-
rence time for state 0.

9 Consider a random walk on a circle of circumference n. The walker takes
one unit step clockwise with probability p and one unit counterclockwise with
probability q = 1 � p. Modify the program ErgodicChain to allow you to
input n and p and compute the basic quantities for this chain.

(a) For which values of n is this chain regular? ergodic?

(b) What is the limiting vector w?

(c) Find the mean first passage matrix for n = 5 and p = .5. Verify that
mij = d(n � d), where d is the clockwise distance from i to j.

10 Two players match pennies and have between them a total of 5 pennies. If at
any time one player has all of the pennies, to keep the game going, he gives
one back to the other player and the game will continue. Show that this game
can be formulated as an ergodic chain. Study this chain using the program
ErgodicChain.

1. Draw the transition graph and give the matrix P for this DTMC.

2. Show that it is ergodic and compute the steady state distribution.

3. Assuming the mouse is initially in room 1, what is the probability that
it is in room 6 after three steps?

[Ex. 3] You have 3 umbrellas, some at home, some at the o�ce. You keep
moving between home and o�ce.

• If it rains you take an umbrella with you from one place to another.

• If it does not rain you do not carry any umbrella.

It may happen that you must leave one place and it starts raining, but you
do not have any umbrella with you, so you get wet.
Suppose you have been doing this for several years and that the probability
of rain is (and has always been) p.
You are about to leave one place, what is the probability that you get wet?
Use DTMCs to answer the question.
Hint: In the modelling of states, the fact that you are at home or in the
o�ce is irrelevant.
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[Ex. 1] A gambler wins a considerable amount of money by betting repeat-
edly that in four rolls of a die at least one six would turn up. To get more
people to play, he decides to change the game to bet that in N rolls of two
dice a pair of six will show up. What is the least value of N that is favourable
to the gambler?

[Ex. 2] A mouse runs through the maze shown below. At each step it stays
in the room or it leaves the room by choosing at random one of the doors
(all choices have equal probability).
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Figure 11.7: Maze for Exercise 7.

6 For the Land of Oz example (Example 11.1), make rain into an absorbing
state and find the fundamental matrix N. Interpret the results obtained from
this chain in terms of the original chain.

7 A rat runs through the maze shown in Figure 11.7. At each step it leaves the
room it is in by choosing at random one of the doors out of the room.

(a) Give the transition matrix P for this Markov chain.

(b) Show that it is an ergodic chain but not a regular chain.

(c) Find the fixed vector.

(d) Find the expected number of steps before reaching Room 5 for the first
time, starting in Room 1.

8 Modify the program ErgodicChain so that you can compute the basic quan-
tities for the queueing example of Exercise 11.3.20. Interpret the mean recur-
rence time for state 0.

9 Consider a random walk on a circle of circumference n. The walker takes
one unit step clockwise with probability p and one unit counterclockwise with
probability q = 1 � p. Modify the program ErgodicChain to allow you to
input n and p and compute the basic quantities for this chain.

(a) For which values of n is this chain regular? ergodic?

(b) What is the limiting vector w?

(c) Find the mean first passage matrix for n = 5 and p = .5. Verify that
mij = d(n � d), where d is the clockwise distance from i to j.

10 Two players match pennies and have between them a total of 5 pennies. If at
any time one player has all of the pennies, to keep the game going, he gives
one back to the other player and the game will continue. Show that this game
can be formulated as an ergodic chain. Study this chain using the program
ErgodicChain.

1. Draw the transition graph and give the matrix P for this DTMC.

2. Show that it is ergodic and compute the steady state distribution.

3. Assuming the mouse is initially in room 1, what is the probability that
it is in room 6 after three steps?

[Ex. 3] You have 3 umbrellas, some at home, some at the o�ce. You keep
moving between home and o�ce.

• If it rains you take an umbrella with you from one place to another.

• If it does not rain you do not carry any umbrella.

It may happen that you must leave one place and it starts raining, but you
do not have any umbrella with you, so you get wet.
Suppose you have been doing this for several years and that the probability
of rain is (and has always been) p.
You are about to leave one place, what is the probability that you get wet?
Use DTMCs to answer the question.
Hint: In the modelling of states, the fact that you are at home or in the
o�ce is irrelevant.

17



Ex. 3, umbrellas
state n: you are at one place with n umbrellas available

<latexit sha1_base64="pLZElDH0oeA9tM1q145s3cmdzyE="></latexit>
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<latexit sha1_base64="vRVTligB5c0ZjwvPEU8UhcDFZ2Y="></latexit>
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<latexit sha1_base64="vRVTligB5c0ZjwvPEU8UhcDFZ2Y="></latexit>
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state n: you are at one place with n umbrellas available

<latexit sha1_base64="pLZElDH0oeA9tM1q145s3cmdzyE="></latexit>
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<latexit sha1_base64="vRVTligB5c0ZjwvPEU8UhcDFZ2Y="></latexit>
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0 0 1� p p
0 1� p p 0
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<latexit sha1_base64="ekeb22Z0L7jtQxPmE6YYGtzW+Fc="></latexit>

ergodic

Ex. 3, umbrellas
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we can compute the steady state distribution ⇡

<latexit sha1_base64="AJJMAzKg6kRzoTEkNF45XUy4S9E=">AAACLHicbVDLTgJBEJzFN75Qj14mgoknsktMxBvRi0dNREiAkN6hgQmzj8z0asiGX/ET/AqvevJijFe/w1nkoGBdulLdne4qP1bSkOu+O7ml5ZXVtfWN/ObW9s5uYW//zkSJFlgXkYp00weDSoZYJ0kKm7FGCHyFDX90mfUb96iNjMJbGsfYCWAQyr4UQFbqFqpp2/T5A3IBIRdRECeEnIbIDSH0xraAFXr2ES39JNvhpXYsS5NuoeiW3Sn4IvFmpMhmuO4WPtu9SCQBhiQUGNPy3Jg6KWiSQuEk304MxiBGMMCWpSEEaDrp1OGEHycGKOIxai4Vn4r4eyOFwJhx4NvJAGho5nuZ+F+vlVC/2kllmPkORXaIpMLpISO0tNFl7jUSQfY5cmljAg1EqCUHIayY2CzzNg9v3v0iuauUvdPy+U2lWLuYJbPODtkRO2EeO2M1dsWuWZ0J9sie2Qt7dZ6cN+fD+fwZzTmznQP2B87XN90/qCs=</latexit>

and p · ⇡0 is the probability to get wet

<latexit sha1_base64="hELtei19IOLFZ8eTn4NWaQBt4Pg="></latexit>

then ⇡0 is the probability to be at one place with no umbrella

<latexit sha1_base64="JovbfjCfiQyp0GZOz+v/7P9q9d4="></latexit>

⇡ = ⇡ · P

<latexit sha1_base64="s4q5eLtpcBklZ5FrQZmP7Jw7lC8=">AAACBHicbVC7SgNBFJ2NrxhfUUubwSBYhV0JqIUQtLGMYB6QXcLs5CYOmX0wczcQlrR+ha1WdmLrf1j4L86uW2jiKYbDOedy7xw/lkKjbX9apZXVtfWN8mZla3tnd6+6f9DRUaI4tHkkI9XzmQYpQmijQAm9WAELfAldf3KT+d0pKC2i8B5nMXgBG4diJDhDIw2qVTcW9Iqa1+XDCGlrUK3ZdTsHXSZOQWqkgMl/ucOIJwGEyCXTuu/YMXopUyi4hHnFTTTEjE/YGPqGhiwA7aX55XN6kmiGEY1BUSFpLsLviZQFWs8C3yQDhg960cvE/7x+gqMLLxVhnCCEPFuEQkK+SHMlTCVAh0IBIssuBypCypliiKAEZZwbMTEdVUwfzuLvl0nnrO406pd3jVrzumimTI7IMTklDjknTXJLWqRNOJmSJ/JMXqxH69V6s95/oiWrmDkkf2B9fAP3tZc5</latexit>

NX

i=1

⇡i = 1

<latexit sha1_base64="HRz4fuPEz7ekn/mBv61ogcjZhYU=">AAACCnicbVDLSgNBEJyNrxhfUcGLl8EgeAq7ElAPgaAXTxLBPCCJy+ykE5vMPpjpFcKaP/ArvOrJm3j1Jzz4L25iDppYp6Kqm64uL1JoyLY/rczC4tLySnY1t7a+sbmV396pmzDWEmoyVKFuesKAwgBqhKSgGWkQvqeg4Q0uxn7jHrTBMLihYQQdX/QD7KEUlEpufq9tYt9NsOyMbq94O0IXeZk7br5gF+0J+DxxpqTApqi6+a92N5SxDwFJJYxpOXZEnURoQqlglGvHBiIhB6IPrZQGwgfTSSb5R/wwNoJCHoHmqPhEhN8bifCNGfpeOukLujOz3lj8z2vF1DvtJBhEMUEgx4cIFUwOGakxLQZ4FzUQiXFy4BhwKbQgAo1cSJmKcdpULu3Dmf1+ntSPi06peHZdKlTOp81k2T47YEfMYSeswi5ZldWYZA/siT2zF+vRerXerPef0Yw13dllf2B9fAMYOZlu</latexit>

(

<latexit sha1_base64="rCLkm2nIuqyexPsC7ip5JGyEnW4="></latexit>

8
>><

>>:

⇡2 = ⇡1

⇡0 = (1� p) · ⇡3

⇡1 = ⇡3

1 = (1� p) · ⇡3 + ⇡3 + ⇡3 + ⇡3

<latexit sha1_base64="w0C/26FiOFOjnx3CRwxmGJy8Ij0="></latexit>

8
>>>><

>>>>:

⇡0 = (1� p) · ⇡3

⇡1 = (1� p) · ⇡2 + p · ⇡3

⇡2 = (1� p) · ⇡1 + p · ⇡2

⇡3 = ⇡0 + p · ⇡1

1 = ⇡0 + ⇡1 + ⇡2 + ⇡3

<latexit sha1_base64="U5TdE56SvyeHQRo8bzjeyAYeIEY="></latexit>

) ⇡3 =
1

4� p

<latexit sha1_base64="bEtEFKpsAZvVhU/dLUOroFlH89A=">AAACE3icbVC7TsNAEDyHVwivACUFJyIkGiIbIgEFEoKGMiACSHEUrS+b5JSzfbpbg5CVkk/gK2ihokO0fAAF/4ITUkBgqtHMrnZnAq2kJdf9cHITk1PTM/nZwtz8wuJScXnl0saJEVgTsYrNdQAWlYywRpIUXmuDEAYKr4LeycC/ukFjZRxd0J3GRgidSLalAMqkZnHdP5edLoEx8S33tWzuHvptAyL1+mllW/ebxZJbdofgf4k3IiU2QrVZ/PRbsUhCjEgosLbuuZoaKRiSQmG/4CcWNYgedLCe0QhCtI10GKTPNxMLFHONhkvFhyL+3EghtPYuDLLJEKhrx72B+J9XT6i930hlpBPCSAwOkVQ4PGSFkVlDyFvSIBEMPkcuIy7AABEayUGITEyyygpZH954+r/kcqfsVcoHZ5XS0fGomTxbYxtsi3lsjx2xU1ZlNSbYPXtkT+zZeXBenFfn7Xs054x2VtkvOO9fXUqeBQ==</latexit>

⇡0 =
1� p

4� p

<latexit sha1_base64="ksqvZ+FoI30azeTlNsSnkefdVbY=">AAACCnicbVA9SwNBEN2LXzF+RQUbm8Ug2BjuJKAWQtDGMoL5gCSEuc0kLtm7W3bnhHDmH/grbLWyE1v/hIX/xUtMoYmvGB7vzTAzz9dKWnLdTyezsLi0vJJdza2tb2xu5bd3ajaKjcCqiFRkGj5YVDLEKklS2NAGIfAV1v3B1div36OxMgpvaaixHUA/lD0pgFKpk9/jLS077kWrZ0Ak3rEeJaW0dPIFt+hOwOeJNyUFNkWlk/9qdSMRBxiSUGBt03M1tRMwJIXCUa4VW9QgBtDHZkpDCNC2k8n9I34YW6CIazRcKj4R8fdEAoG1w8BPOwOgOzvrjcX/vGZMvbN2IkMdE4ZivIikwskiK4xMg0HelQaJYHw5chlyAQaI0EgOQqRinCaVS/PwZr+fJ7WTolcqnt+UCuXLaTJZts8O2BHz2Ckrs2tWYVUm2AN7Ys/sxXl0Xp035/2nNeNMZ3bZHzgf34+wmcA=</latexit>

p · 1� p

4� p

<latexit sha1_base64="dZMOwX+iYegZcKHh7TH/0ZYOGIk=">AAACCXicbVA9SwNBEN2LXzF+RcXKZjEINoY7Cahd0MYygvmAJIS5zSQu2btbdueEcOQX+CtstbITW3+Fhf/Fu5hCE18xPN6bYWaer5W05LqfTm5peWV1Lb9e2Njc2t4p7u41bBQbgXURqci0fLCoZIh1kqSwpQ1C4Cts+qPrzG8+oLEyCu9orLEbwDCUAymAUqlXPNAd0Y+oMzAgEu9UT5JKWnrFklt2p+CLxJuREpuh1it+dfqRiAMMSSiwtu25mroJGJJC4aTQiS1qECMYYjulIQRou8n0/Ak/ji1QxDUaLhWfivh7IoHA2nHgp50B0L2d9zLxP68d0+Cim8hQx4ShyBaRVDhdZIWRaS7I+9IgEWSXI5chF2CACI3kIEQqxmlQhTQPb/77RdI4K3uV8uVtpVS9miWTZ4fsiJ0wj52zKrthNVZngiXsiT2zF+fReXXenPef1pwzm9lnf+B8fAPze5oL</latexit>

probability to get wet!

P =

2

664

0 0 0 1
0 0 1� p p
0 1� p p 0

1� p p 0 0

3

775

<latexit sha1_base64="ekeb22Z0L7jtQxPmE6YYGtzW+Fc="></latexit>

Ex. 3, umbrellas

20



CTMC

21



[Ex. 4] Consider a CTMC with N +1 states, each representing the number
of active instances of a service, from 0 to a maximum N . Let i denote the
number of currently active instances. A new instance is spawned with rate

�i
def
= (N � i) ⇥ �

for some fixed �, i.e., the rate decreases as the number of instances already
running increases,1 while a running instance is terminated with rate

µi
def
= i ⇥ µ

for some fixed µ, i.e., the rate increases as there are more active instances to
be terminated. Let N = 3, then:

1. Model the system as a CTMC.

2. Use the infinitesimal generator matrix to find the steady state proba-
bility distribution.

[Ex. 5] Consider the following reactive PTSs. For every pair of systems,
check whether their initial states are bisimilar. If they are, describe the
bisimulation, if they are not, find a formula of the Larsen-Skou logic that
distinguishes them.

(E) Can you interpreted a generative LTS as a simple Segala automaton?
(E) In the definitions of probabilistic LTSs we allow the use of subprobability
distribution instead of just probability distribution. The missing probability
represents the probability of blocking. Suppose we give an alternative definition
where only probability distributions are allowed. Can you simulate subproba-
bilities in this restricted setting?

9.4 Section 4

(E) If in the definition of reactive LTS we only allow probability distributions
(instead of subprobability distributions), then every two processes are bisimlar.
Prove it.
(E) Consider the following reactive LTSs. For every pair of systems, check
whether their initial states are bisimilar. If they are, describe the bisimulation,
if they are not, find a formula of the Larsen-Skou logic that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.
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[Ex. 6] Use PEPA to model the service system of Ex. 4 (for N = 3), using
action new for spawning a new instance and action end to terminate it.
Design a second PEPA process to model a system composed by 3 independent
service components, each with N = 1. Are the two systems CTMC bisimilar?

1Imagine the number of clients is fixed. When i instances of the service are already
active to serve i clients, then the number of clients that can require a new instance of the
service is decreased by i.

[Ex. 4] Consider a CTMC with N +1 states, each representing the number
of active instances of a service, from 0 to a maximum N . Let i denote the
number of currently active instances. A new instance is spawned with rate

�i
def
= (N � i) ⇥ �

for some fixed �, i.e., the rate decreases as the number of instances already
running increases,1 while a running instance is terminated with rate

µi
def
= i ⇥ µ

for some fixed µ, i.e., the rate increases as there are more active instances to
be terminated. Let N = 3, then:

1. Model the system as a CTMC.

2. Use the infinitesimal generator matrix to find the steady state proba-
bility distribution.

[Ex. 5] Consider the following reactive PTSs. For every pair of systems,
check whether their initial states are bisimilar. If they are, describe the
bisimulation, if they are not, find a formula of the Larsen-Skou logic that
distinguishes them.

(E) Can you interpreted a generative LTS as a simple Segala automaton?
(E) In the definitions of probabilistic LTSs we allow the use of subprobability
distribution instead of just probability distribution. The missing probability
represents the probability of blocking. Suppose we give an alternative definition
where only probability distributions are allowed. Can you simulate subproba-
bilities in this restricted setting?

9.4 Section 4

(E) If in the definition of reactive LTS we only allow probability distributions
(instead of subprobability distributions), then every two processes are bisimlar.
Prove it.
(E) Consider the following reactive LTSs. For every pair of systems, check
whether their initial states are bisimilar. If they are, describe the bisimulation,
if they are not, find a formula of the Larsen-Skou logic that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.
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[Ex. 6] Use PEPA to model the service system of Ex. 4 (for N = 3), using
action new for spawning a new instance and action end to terminate it.
Design a second PEPA process to model a system composed by 3 independent
service components, each with N = 1. Are the two systems CTMC bisimilar?

1Imagine the number of clients is fixed. When i instances of the service are already
active to serve i clients, then the number of clients that can require a new instance of the
service is decreased by i. 22



�0 = 3�

<latexit sha1_base64="LhgKpiquVEkLa7yNyswJWs5e314=">AAACCHicbVDLSgNBEJyNrxhf6+PmZTAInsKuBtSDEPTiMYJ5QBJC76QTh8w+mOkVYsgP+BVe9eRNvPoXHvwXN+sKGq1TTVU13VNepKQhx3m3cnPzC4tL+eXCyura+oa9uVU3YawF1kSoQt30wKCSAdZIksJmpBF8T2HDG15M/cYtaiPD4JpGEXZ8GASyLwVQInXtnbZKwj3oOvyMH30/7KJTclLwv8TNSJFlqHbtj3YvFLGPAQkFxrRcJ6LOGDRJoXBSaMcGIxBDGGAroQH4aDrj9PoJ348NUMgj1Fwqnor4c2IMvjEj30uSPtCNmfWm4n9eK6b+SWcsgygmDMR0EUmF6SIjtExqQd6TGolgejlyGXABGohQSw5CJGKc9FRI+nBnf/+X1A9Lbrl0elUuVs6zZvJsl+2xA+ayY1Zhl6zKakywO/bAHtmTdW89Wy/W61c0Z2Uz2+wXrLdPw4iYvQ==</latexit>

µ0 = 0

<latexit sha1_base64="lDYMBRRBZQP0hQ6vpHXVq8Ekl/s=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJRJKBAiqChDBJ5oMSKzpdNOOXOtu72kCIrX0ELFR2i5WMo+Bds4wICU41mdrWzE8RSGHTdD6e0tLyyulZer2xsbm3vVHf3OiaymkObRzLSvYAZkCKENgqU0Is1MBVI6AbTq8zvPoA2IgpvcRaDr9gkFGPBGabS3UDZoUsvqDus1ty6m4P+JV5BaqRAa1j9HIwibhWEyCUzpu+5MfoJ0yi4hHllYA3EjE/ZBPopDZkC4yd54Dk9soZhRGPQVEiai/BzI2HKmJkK0knF8N4sepn4n9e3OD7zExHGFiHk2SEUEvJDhmuRNgF0JDQgsiw5UBFSzjRDBC0o4zwVbVpNJe3DW/z+L+mc1L1G/fymUWteFs2UyQE5JMfEI6ekSa5Ji7QJJ4o8kify7MydF+fVefseLTnFzj75Bef9C9+hk98=</latexit>

µ1 = µ

<latexit sha1_base64="6sHY4KIPQsUoDuOF9kM2Kk5KaCg=">AAAB/XicbVA9SwNBEN2LXzF+RS1tFoNgFe5EUAshaGMZwXzA5Qh7m0lcsnt37M4KIQR/ha1WdmLrb7Hwv3h3XqGJr5nHezPMzAsTKQy67qdTWlpeWV0rr1c2Nre2d6q7e20TW82hxWMZ627IDEgRQQsFSugmGpgKJXTC8XXmdx5AGxFHdzhJIFBsFImh4AxTye8p2/foJc1qtebW3Rx0kXgFqZECzX71qzeIuVUQIZfMGN9zEwymTKPgEmaVnjWQMD5mI/BTGjEFJpjmJ8/okTUMY5qApkLSXITfE1OmjJmoMO1UDO/NvJeJ/3m+xeF5MBVRYhEini1CISFfZLgWaRZAB0IDIssuByoiyplmiKAFZZynok3DqaR5ePPfL5L2Sd07rV/cntYaV0UyZXJADskx8cgZaZAb0iQtwklMnsgzeXEenVfnzXn/aS05xcw++QPn4xvV35UC</latexit>

µ2 = 2µ

<latexit sha1_base64="Jk4zG9uhQNdfsFttyn3uHH3CSQs=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwVZJSUBdC0Y3LCvYBTSiT6W0dOpOEmRuhhIJf4VZX7sStv+LCfzGJWWjrWR3OuZd77vEjKQza9qdVWlldW98ob1a2tnd296r7B10TxppDh4cy1H2fGZAigA4KlNCPNDDlS+j50+vM7z2ANiIM7nAWgafYJBBjwRmmkuuqeNigl7SRkWrNrts56DJxClIjBdrD6pc7CnmsIEAumTEDx47QS5hGwSXMK25sIGJ8yiYwSGnAFBgvyTPP6UlsGIY0Ak2FpLkIvzcSpoyZKT+dVAzvzaKXif95gxjH514igihGCHh2CIWE/JDhWqRlAB0JDYgsSw5UBJQzzRBBC8o4T8U4baeS9uEsfr9Muo2606xf3DZrrauimTI5IsfklDjkjLTIDWmTDuEkIk/kmbxYj9ar9Wa9/4yWrGLnkPyB9fENTVaVPw==</latexit>

µ3 = 3µ

<latexit sha1_base64="NK5bCM/rRHGXQ6DNEgf/y0jO1r4=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwVRJbUBdC0Y3LCvYBTSiT6W0dOkmGmRuhhIJf4VZX7sStv+LCfzGJWWj1rA7n3Ms99/hKCoO2/WGVlpZXVtfK65WNza3tneruXtdEsebQ4ZGMdN9nBqQIoYMCJfSVBhb4Enr+9Crze/egjYjCW5wp8AI2CcVYcIap5LpBPGzQC9rISLVm1+0c9C9xClIjBdrD6qc7ingcQIhcMmMGjq3QS5hGwSXMK25sQDE+ZRMYpDRkARgvyTPP6VFsGEZUgaZC0lyEnxsJC4yZBX46GTC8M4teJv7nDWIcn3mJCFWMEPLsEAoJ+SHDtUjLADoSGhBZlhyoCClnmiGCFpRxnopx2k4l7cNZ/P4v6Z7UnWb9/KZZa10WzZTJATkkx8Qhp6RFrkmbdAgnijySJ/JsPVgv1qv19j1asoqdffIL1vsXUH6VQQ==</latexit>

�1 = 2�

<latexit sha1_base64="YLvDrYK7sNR5db7ZBh8RkBTNu6o=">AAACCHicbVDLSgNBEJz1GeMrPm5eBoPgKeyGgHoQgl48RjAPSJbQO+nEIbMPZnqFGPIDfoVXPXkTr/6FB//F3biCJtappqqa7ikvUtKQbX9YC4tLyyurubX8+sbm1nZhZ7dhwlgLrItQhbrlgUElA6yTJIWtSCP4nsKmN7xM/eYdaiPD4IZGEbo+DALZlwIokbqF/Y5Kwj3oOvycl38ehaJdsqfg88TJSJFlqHULn51eKGIfAxIKjGk7dkTuGDRJoXCS78QGIxBDGGA7oQH4aNzx9PoJP4oNUMgj1FwqPhXx98QYfGNGvpckfaBbM+ul4n9eO6b+qTuWQRQTBiJdRFLhdJERWia1IO9JjUSQXo5cBlyABiLUkoMQiRgnPeWTPpzZ38+TRrnkVEpn15Vi9SJrJscO2CE7Zg47YVV2xWqszgS7Z4/siT1bD9aL9Wq9fUcXrGxmj/2B9f4Fw4yYvQ==</latexit>

�2 = �

<latexit sha1_base64="27eOuTmHeqcSU99NqrjGdJcEU4A=">AAACB3icbVDLSgNBEJyNrxhf0Ry9DAbBU9gNAfUgBL14jGAekCyhd9KJQ2YfzPQKIeQD/AqvevImXv0MD/6Lu2sETaxTUVVNd5cXKWnItj+s3Mrq2vpGfrOwtb2zu1fcP2iZMNYCmyJUoe54YFDJAJskSWEn0gi+p7Dtja9Sv32P2sgwuKVJhK4Po0AOpQBKpH6x1FNJeAD9Kr/gP7xYtit2Br5MnDkpszka/eJnbxCK2MeAhAJjuo4dkTsFTVIonBV6scEIxBhG2E1oAD4ad5odP+PHsQEKeYSaS8UzEX9PTME3ZuJ7SdIHujOLXir+53VjGp65UxlEMWEg0kUkFWaLjNAyaQX5QGokgvRy5DLgAjQQoZYchEjEOKmpkPThLH6/TFrVilOrnN/UyvXLeTN5dsiO2Alz2Cmrs2vWYE0m2IQ9sif2bD1YL9ar9fYdzVnzmRL7A+v9C0zdmII=</latexit>

�3 = 0

<latexit sha1_base64="8NfUPx6J3RspzgyiQLzRQAnkC4o=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZEAgqkCBrKIJGHlFjR+rIJp5wf3K2RIisFX0ELFR2i5VMo+BdskwISphrNzGp3x4uUNGTbn9bC4tLyymphrbi+sbm1XdrZbZow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrjK/9YDayDC4pXGErg/DQA6kAEolt6vSaB96J/yC271S2a7YOfg8caakzKao90pf3X4oYh8DEgqM6Th2RG4CmqRQOCl2Y4MRiBEMsZPSAHw0bpIfPeGHsQEKeYSaS8VzEX9PJOAbM/a9NOkD3ZlZLxP/8zoxDc7cRAZRTBiIbBFJhfkiI7RM20DelxqJILscuQy4AA1EqCUHIVIxTusppn04s9/Pk+ZxxalWzm+q5drltJkC22cH7Ig57JTV2DWrswYT7J49sWf2Yj1ar9ab9f4TXbCmM3vsD6yPb92MlYk=</latexit>

Q =

2

664

�3� 3� 0 0
µ �µ� 2� 2� 0
0 2µ �2µ� � �
0 0 3µ �3µ

3

775

<latexit sha1_base64="+gKTyFhZrVySq70ppQO1IKR3D7k=">AAACw3icbZFNa9tAEIZX6leqfsRpj70sNS292EhJSpNDIbQUekygTgKSMKPV2Fm8WondUcEI/8ace8h/yUpWXSfpHMSz77wzs5rNKiUtheEfz3/0+MnTZzvPgxcvX73eHey9ObdlbQRORKlKc5mBRSU1TkiSwsvKIBSZwots8b3NX/xGY2Wpf9GywrSAuZYzKYCcNB1cn/GvPFE4ozhIMpxL3YAxsFw1wsUq4KODRLl2OXD+kf M7h/DvN0kCnhR1dxw5GO1v2Tb8zxuudVfRFrQw2u674bV3M+lgM2NNQYI6768bJEbOryidDobhOOyCP4SohyHr43Q6uEnyUtQFahIKrI2jsKLUdSUpFLq+tcUKxALmGDvUUKBNm27xK/6htkAlr9BwqXgn4nZFA4W1yyJzzgLoyt7PteL/cnFNs6O0kbqqCbVoB5FU2A2ywkj3oshzaZAI2psjl5oLMECERnIQwom1e+LA7SO6//cP4Xx/HB2Oj88Ohyff+s3ssHfsPfvEIvaFnbCf7JRNmPA+e7GXe+j/8Be+8Wlt9b2+5i27E/7qFoPaycI=</latexit>

0
3�
((
1

µ
hh

2�
((
2

2µ

hh

�
((
3

3µ

hh

<latexit sha1_base64="BUwYYMbXeUskwNrWLQtsdHyI5Hk="></latexit>
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�0 = 3�

<latexit sha1_base64="LhgKpiquVEkLa7yNyswJWs5e314=">AAACCHicbVDLSgNBEJyNrxhf6+PmZTAInsKuBtSDEPTiMYJ5QBJC76QTh8w+mOkVYsgP+BVe9eRNvPoXHvwXN+sKGq1TTVU13VNepKQhx3m3cnPzC4tL+eXCyura+oa9uVU3YawF1kSoQt30wKCSAdZIksJmpBF8T2HDG15M/cYtaiPD4JpGEXZ8GASyLwVQInXtnbZKwj3oOvyMH30/7KJTclLwv8TNSJFlqHbtj3YvFLGPAQkFxrRcJ6LOGDRJoXBSaMcGIxBDGGAroQH4aDrj9PoJ348NUMgj1Fwqnor4c2IMvjEj30uSPtCNmfWm4n9eK6b+SWcsgygmDMR0EUmF6SIjtExqQd6TGolgejlyGXABGohQSw5CJGKc9FRI+nBnf/+X1A9Lbrl0elUuVs6zZvJsl+2xA+ayY1Zhl6zKakywO/bAHtmTdW89Wy/W61c0Z2Uz2+wXrLdPw4iYvQ==</latexit>

µ0 = 0

<latexit sha1_base64="lDYMBRRBZQP0hQ6vpHXVq8Ekl/s=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJRJKBAiqChDBJ5oMSKzpdNOOXOtu72kCIrX0ELFR2i5WMo+Bds4wICU41mdrWzE8RSGHTdD6e0tLyyulZer2xsbm3vVHf3OiaymkObRzLSvYAZkCKENgqU0Is1MBVI6AbTq8zvPoA2IgpvcRaDr9gkFGPBGabS3UDZoUsvqDus1ty6m4P+JV5BaqRAa1j9HIwibhWEyCUzpu+5MfoJ0yi4hHllYA3EjE/ZBPopDZkC4yd54Dk9soZhRGPQVEiai/BzI2HKmJkK0knF8N4sepn4n9e3OD7zExHGFiHk2SEUEvJDhmuRNgF0JDQgsiw5UBFSzjRDBC0o4zwVbVpNJe3DW/z+L+mc1L1G/fymUWteFs2UyQE5JMfEI6ekSa5Ji7QJJ4o8kify7MydF+fVefseLTnFzj75Bef9C9+hk98=</latexit>

µ1 = µ

<latexit sha1_base64="6sHY4KIPQsUoDuOF9kM2Kk5KaCg=">AAAB/XicbVA9SwNBEN2LXzF+RS1tFoNgFe5EUAshaGMZwXzA5Qh7m0lcsnt37M4KIQR/ha1WdmLrb7Hwv3h3XqGJr5nHezPMzAsTKQy67qdTWlpeWV0rr1c2Nre2d6q7e20TW82hxWMZ627IDEgRQQsFSugmGpgKJXTC8XXmdx5AGxFHdzhJIFBsFImh4AxTye8p2/foJc1qtebW3Rx0kXgFqZECzX71qzeIuVUQIZfMGN9zEwymTKPgEmaVnjWQMD5mI/BTGjEFJpjmJ8/okTUMY5qApkLSXITfE1OmjJmoMO1UDO/NvJeJ/3m+xeF5MBVRYhEini1CISFfZLgWaRZAB0IDIssuByoiyplmiKAFZZynok3DqaR5ePPfL5L2Sd07rV/cntYaV0UyZXJADskx8cgZaZAb0iQtwklMnsgzeXEenVfnzXn/aS05xcw++QPn4xvV35UC</latexit>

µ2 = 2µ

<latexit sha1_base64="Jk4zG9uhQNdfsFttyn3uHH3CSQs=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwVZJSUBdC0Y3LCvYBTSiT6W0dOpOEmRuhhIJf4VZX7sStv+LCfzGJWWjrWR3OuZd77vEjKQza9qdVWlldW98ob1a2tnd296r7B10TxppDh4cy1H2fGZAigA4KlNCPNDDlS+j50+vM7z2ANiIM7nAWgafYJBBjwRmmkuuqeNigl7SRkWrNrts56DJxClIjBdrD6pc7CnmsIEAumTEDx47QS5hGwSXMK25sIGJ8yiYwSGnAFBgvyTPP6UlsGIY0Ak2FpLkIvzcSpoyZKT+dVAzvzaKXif95gxjH514igihGCHh2CIWE/JDhWqRlAB0JDYgsSw5UBJQzzRBBC8o4T8U4baeS9uEsfr9Muo2606xf3DZrrauimTI5IsfklDjkjLTIDWmTDuEkIk/kmbxYj9ar9Wa9/4yWrGLnkPyB9fENTVaVPw==</latexit>

µ3 = 3µ

<latexit sha1_base64="NK5bCM/rRHGXQ6DNEgf/y0jO1r4=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwVRJbUBdC0Y3LCvYBTSiT6W0dOkmGmRuhhIJf4VZX7sStv+LCfzGJWWj1rA7n3Ms99/hKCoO2/WGVlpZXVtfK65WNza3tneruXtdEsebQ4ZGMdN9nBqQIoYMCJfSVBhb4Enr+9Crze/egjYjCW5wp8AI2CcVYcIap5LpBPGzQC9rISLVm1+0c9C9xClIjBdrD6qc7ingcQIhcMmMGjq3QS5hGwSXMK25sQDE+ZRMYpDRkARgvyTPP6VFsGEZUgaZC0lyEnxsJC4yZBX46GTC8M4teJv7nDWIcn3mJCFWMEPLsEAoJ+SHDtUjLADoSGhBZlhyoCClnmiGCFpRxnopx2k4l7cNZ/P4v6Z7UnWb9/KZZa10WzZTJATkkx8Qhp6RFrkmbdAgnijySJ/JsPVgv1qv19j1asoqdffIL1vsXUH6VQQ==</latexit>

�1 = 2�

<latexit sha1_base64="YLvDrYK7sNR5db7ZBh8RkBTNu6o=">AAACCHicbVDLSgNBEJz1GeMrPm5eBoPgKeyGgHoQgl48RjAPSJbQO+nEIbMPZnqFGPIDfoVXPXkTr/6FB//F3biCJtappqqa7ikvUtKQbX9YC4tLyyurubX8+sbm1nZhZ7dhwlgLrItQhbrlgUElA6yTJIWtSCP4nsKmN7xM/eYdaiPD4IZGEbo+DALZlwIokbqF/Y5Kwj3oOvycl38ehaJdsqfg88TJSJFlqHULn51eKGIfAxIKjGk7dkTuGDRJoXCS78QGIxBDGGA7oQH4aNzx9PoJP4oNUMgj1FwqPhXx98QYfGNGvpckfaBbM+ul4n9eO6b+qTuWQRQTBiJdRFLhdJERWia1IO9JjUSQXo5cBlyABiLUkoMQiRgnPeWTPpzZ38+TRrnkVEpn15Vi9SJrJscO2CE7Zg47YVV2xWqszgS7Z4/siT1bD9aL9Wq9fUcXrGxmj/2B9f4Fw4yYvQ==</latexit>

�2 = �

<latexit sha1_base64="27eOuTmHeqcSU99NqrjGdJcEU4A=">AAACB3icbVDLSgNBEJyNrxhf0Ry9DAbBU9gNAfUgBL14jGAekCyhd9KJQ2YfzPQKIeQD/AqvevImXv0MD/6Lu2sETaxTUVVNd5cXKWnItj+s3Mrq2vpGfrOwtb2zu1fcP2iZMNYCmyJUoe54YFDJAJskSWEn0gi+p7Dtja9Sv32P2sgwuKVJhK4Po0AOpQBKpH6x1FNJeAD9Kr/gP7xYtit2Br5MnDkpszka/eJnbxCK2MeAhAJjuo4dkTsFTVIonBV6scEIxBhG2E1oAD4ad5odP+PHsQEKeYSaS8UzEX9PTME3ZuJ7SdIHujOLXir+53VjGp65UxlEMWEg0kUkFWaLjNAyaQX5QGokgvRy5DLgAjQQoZYchEjEOKmpkPThLH6/TFrVilOrnN/UyvXLeTN5dsiO2Alz2Cmrs2vWYE0m2IQ9sif2bD1YL9ar9fYdzVnzmRL7A+v9C0zdmII=</latexit>

�3 = 0

<latexit sha1_base64="8NfUPx6J3RspzgyiQLzRQAnkC4o=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZEAgqkCBrKIJGHlFjR+rIJp5wf3K2RIisFX0ELFR2i5VMo+BdskwISphrNzGp3x4uUNGTbn9bC4tLyymphrbi+sbm1XdrZbZow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrjK/9YDayDC4pXGErg/DQA6kAEolt6vSaB96J/yC271S2a7YOfg8caakzKao90pf3X4oYh8DEgqM6Th2RG4CmqRQOCl2Y4MRiBEMsZPSAHw0bpIfPeGHsQEKeYSaS8VzEX9PJOAbM/a9NOkD3ZlZLxP/8zoxDc7cRAZRTBiIbBFJhfkiI7RM20DelxqJILscuQy4AA1EqCUHIVIxTusppn04s9/Pk+ZxxalWzm+q5drltJkC22cH7Ig57JTV2DWrswYT7J49sWf2Yj1ar9ab9f4TXbCmM3vsD6yPb92MlYk=</latexit>
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µ
hh

2�
((
2

2µ

hh

�
((
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µ
hh

<latexit sha1_base64="JmuE6OON80YUkkggmA/E1gqQBh0="></latexit>

Q =

2

664

�3� 3� 0 0
µ �µ� 2� 2� 0
0 2µ �2µ� � �
0 0 3µ �3µ

3

775

<latexit sha1_base64="+gKTyFhZrVySq70ppQO1IKR3D7k=">AAACw3icbZFNa9tAEIZX6leqfsRpj70sNS292EhJSpNDIbQUekygTgKSMKPV2Fm8WondUcEI/8ace8h/yUpWXSfpHMSz77wzs5rNKiUtheEfz3/0+MnTZzvPgxcvX73eHey9ObdlbQRORKlKc5mBRSU1TkiSwsvKIBSZwots8b3NX/xGY2Wpf9GywrSAuZYzKYCcNB1cn/GvPFE4ozhIMpxL3YAxsFw1wsUq4KODRLl2OXD+kf M7h/DvN0kCnhR1dxw5GO1v2Tb8zxuudVfRFrQw2u674bV3M+lgM2NNQYI6768bJEbOryidDobhOOyCP4SohyHr43Q6uEnyUtQFahIKrI2jsKLUdSUpFLq+tcUKxALmGDvUUKBNm27xK/6htkAlr9BwqXgn4nZFA4W1yyJzzgLoyt7PteL/cnFNs6O0kbqqCbVoB5FU2A2ywkj3oshzaZAI2psjl5oLMECERnIQwom1e+LA7SO6//cP4Xx/HB2Oj88Ohyff+s3ssHfsPfvEIvaFnbCf7JRNmPA+e7GXe+j/8Be+8Wlt9b2+5i27E/7qFoPaycI=</latexit>

(

<latexit sha1_base64="rCLkm2nIuqyexPsC7ip5JGyEnW4="></latexit>

p ·Q = 0

<latexit sha1_base64="/JeOcLdFQx0d7jzg7fx4M6lqp7E=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwVRIpqAuh6MZlC/YBTSiT6W0dOkmGmRuhhIJf4VZX7sStv+LCfzGJWWjrWR3OuZd77vGVFAZt+9MqrayurW+UNytb2zu7e9X9g66JYs2hwyMZ6b7PDEgRQgcFSugrDSzwJfT86U3m9x5AGxGFdzhT4AVsEoqx4AxTyVUuH0VI2/SK2sNqza7bOegycQpSIwVaw+qXO4p4HECIXDJjBo6t0EuYRsElzCtubEAxPmUTGKQ0ZAEYL8kzz+lJbBhGVIGmQtJchN8bCQuMmQV+OhkwvDeLXib+5w1iHF94iQhVjBDy7BAKCfkhw7VIywA6EhoQWZYcqAgpZ5ohghaUcZ6KcdpOJe3DWfx+mXTP6k6jftlu1JrXRTNlckSOySlxyDlpklvSIh3CiSJP5Jm8WI/Wq/Vmvf+Mlqxi55D8gfXxDRHLlRc=</latexit>

NX

i=1

pi = 1

<latexit sha1_base64="jssSl5hYmnEKSrMBIxYsQsMml6Y=">AAACCHicbVC7TsNAEDyHVwgv8+hoTkRIVJGNIgFFpAgaKhQk8pASY50vm3DK+aG7NVKw8gN8BS1UdIiWv6DgX7BNCkiYajSzq50dL5JCo2V9GoWFxaXlleJqaW19Y3PL3N5p6TBWHJo8lKHqeEyDFAE0UaCETqSA+Z6Etje6yPz2PSgtwuAGxxE4PhsGYiA4w1Ryzb2ejn03ETV7cntFI1fQGrVds2xVrBx0nthTUiZTNFzzq9cPeexDgFwyrbu2FaGTMIWCS5iUerGGiPERG0I3pQHzQTtJnn5CD2PNMKQRKCokzUX4vZEwX+ux76WTPsM7Petl4n9eN8bBqZOIIIoRAp4dQiEhP6S5EmktQPtCASLLkgMVAeVMMURQgjLOUzFOeyqlfdiz38+T1nHFrlbOrqvl+vm0mSLZJwfkiNjkhNTJJWmQJuHkgTyRZ/JiPBqvxpvx/jNaMKY7u+QPjI9vi4qYlQ==</latexit>
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8
>>>><

>>>>:

0 = �3�p0 + µp1
0 = 3�p0 � µp1 � 2�p1 + 2µp2
0 = 2�p1 � 2µp2 � �p2 + 3µp3
0 = �p2 � 3µp3
1 = p0 + p1 + p2 + p3

<latexit sha1_base64="zO/iHbQNq1CAMoxD17gVMm2hS+Y="></latexit>

8
>>><

>>>:

p1 = 3�
µ p0

p2 = 3�2

µ2 p0

p3 = �3

µ3 p0

1 = p0 +
3�
µ p0 +

3�2

µ2 p0 +
�3

µ3 p0

<latexit sha1_base64="bSmY1u0HAAshMKenrxdMAUehZ1I="></latexit>

) p0 =
µ3

(�+ µ)3

<latexit sha1_base64="zSZfFRKaNkqkp9FCu4gvAfNb56U="></latexit>

p =


µ3

(�+ µ)3
,

3�µ2

(�+ µ)3
,

3�2µ

(�+ µ)3
,

�3

(�+ µ)3

�

<latexit sha1_base64="pqypUBZnv6b3G22JqRUOfa/FnTc="></latexit>

Q =

2

664

�3� 3� 0 0
µ �µ� 2� 2� 0
0 2µ �2µ� � �
0 0 3µ �3µ

3

775

<latexit sha1_base64="+gKTyFhZrVySq70ppQO1IKR3D7k="></latexit>

(

<latexit sha1_base64="rCLkm2nIuqyexPsC7ip5JGyEnW4="></latexit>

p ·Q = 0

<latexit sha1_base64="/JeOcLdFQx0d7jzg7fx4M6lqp7E=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwVRIpqAuh6MZlC/YBTSiT6W0dOkmGmRuhhIJf4VZX7sStv+LCfzGJWWjrWR3OuZd77vGVFAZt+9MqrayurW+UNytb2zu7e9X9g66JYs2hwyMZ6b7PDEgRQgcFSugrDSzwJfT86U3m9x5AGxGFdzhT4AVsEoqx4AxTyVUuH0VI2/SK2sNqza7bOegycQpSIwVaw+qXO4p4HECIXDJjBo6t0EuYRsElzCtubEAxPmUTGKQ0ZAEYL8kzz+lJbBhGVIGmQtJchN8bCQuMmQV+OhkwvDeLXib+5w1iHF94iQhVjBDy7BAKCfkhw7VIywA6EhoQWZYcqAgpZ5ohghaUcZ6KcdpOJe3DWfx+mXTP6k6jftlu1JrXRTNlckSOySlxyDlpklvSIh3CiSJP5Jm8WI/Wq/Vmvf+Mlqxi55D8gfXxDRHLlRc=</latexit>

NX

i=1

pi = 1

<latexit sha1_base64="jssSl5hYmnEKSrMBIxYsQsMml6Y=">AAACCHicbVC7TsNAEDyHVwgv8+hoTkRIVJGNIgFFpAgaKhQk8pASY50vm3DK+aG7NVKw8gN8BS1UdIiWv6DgX7BNCkiYajSzq50dL5JCo2V9GoWFxaXlleJqaW19Y3PL3N5p6TBWHJo8lKHqeEyDFAE0UaCETqSA+Z6Etje6yPz2PSgtwuAGxxE4PhsGYiA4w1Ryzb2ejn03ETV7cntFI1fQGrVds2xVrBx0nthTUiZTNFzzq9cPeexDgFwyrbu2FaGTMIWCS5iUerGGiPERG0I3pQHzQTtJnn5CD2PNMKQRKCokzUX4vZEwX+ux76WTPsM7Petl4n9eN8bBqZOIIIoRAp4dQiEhP6S5EmktQPtCASLLkgMVAeVMMURQgjLOUzFOeyqlfdiz38+T1nHFrlbOrqvl+vm0mSLZJwfkiNjkhNTJJWmQJuHkgTyRZ/JiPBqvxpvx/jNaMKY7u+QPjI9vi4qYlQ==</latexit>
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[Ex. 4] Consider a CTMC with N +1 states, each representing the number
of active instances of a service, from 0 to a maximum N . Let i denote the
number of currently active instances. A new instance is spawned with rate

�i
def
= (N � i) ⇥ �

for some fixed �, i.e., the rate decreases as the number of instances already
running increases,1 while a running instance is terminated with rate

µi
def
= i ⇥ µ

for some fixed µ, i.e., the rate increases as there are more active instances to
be terminated. Let N = 3, then:

1. Model the system as a CTMC.

2. Use the infinitesimal generator matrix to find the steady state proba-
bility distribution.

[Ex. 5] Consider the following reactive PTSs. For every pair of systems,
check whether their initial states are bisimilar. If they are, describe the
bisimulation, if they are not, find a formula of the Larsen-Skou logic that
distinguishes them.

(E) Can you interpreted a generative LTS as a simple Segala automaton?
(E) In the definitions of probabilistic LTSs we allow the use of subprobability
distribution instead of just probability distribution. The missing probability
represents the probability of blocking. Suppose we give an alternative definition
where only probability distributions are allowed. Can you simulate subproba-
bilities in this restricted setting?

9.4 Section 4

(E) If in the definition of reactive LTS we only allow probability distributions
(instead of subprobability distributions), then every two processes are bisimlar.
Prove it.
(E) Consider the following reactive LTSs. For every pair of systems, check
whether their initial states are bisimilar. If they are, describe the bisimulation,
if they are not, find a formula of the Larsen-Skou logic that distinguishes them.
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1/3
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2E 20DKr

1 1
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1/3 1/3

2E 20DKr

1 1

1/3
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.
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1 1
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1
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1 1
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(E) Consider the following reactive LTSs. For every pair of systems, find a
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[Ex. 6] Use PEPA to model the service system of Ex. 4 (for N = 3), using
action new for spawning a new instance and action end to terminate it.
Design a second PEPA process to model a system composed by 3 independent
service components, each with N = 1. Are the two systems CTMC bisimilar?

1Imagine the number of clients is fixed. When i instances of the service are already
active to serve i clients, then the number of clients that can require a new instance of the
service is decreased by i.
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Ex. 5, reactive PTS

[Ex. 4] Consider a CTMC with N +1 states, each representing the number
of active instances of a service, from 0 to a maximum N . Let i denote the
number of currently active instances. A new instance is spawned with rate

�i
def
= (N � i) ⇥ �

for some fixed �, i.e., the rate decreases as the number of instances already
running increases,1 while a running instance is terminated with rate

µi
def
= i ⇥ µ

for some fixed µ, i.e., the rate increases as there are more active instances to
be terminated. Let N = 3, then:

1. Model the system as a CTMC.

2. Use the infinitesimal generator matrix to find the steady state proba-
bility distribution.

[Ex. 5] Consider the following reactive PTSs. For every pair of systems,
check whether their initial states are bisimilar. If they are, describe the
bisimulation, if they are not, find a formula of the Larsen-Skou logic that
distinguishes them.

(E) Can you interpreted a generative LTS as a simple Segala automaton?
(E) In the definitions of probabilistic LTSs we allow the use of subprobability
distribution instead of just probability distribution. The missing probability
represents the probability of blocking. Suppose we give an alternative definition
where only probability distributions are allowed. Can you simulate subproba-
bilities in this restricted setting?

9.4 Section 4

(E) If in the definition of reactive LTS we only allow probability distributions
(instead of subprobability distributions), then every two processes are bisimlar.
Prove it.
(E) Consider the following reactive LTSs. For every pair of systems, check
whether their initial states are bisimilar. If they are, describe the bisimulation,
if they are not, find a formula of the Larsen-Skou logic that distinguishes them.
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formula of the Larsen-Skou logic without negation that distinguishes them.

26

co↵e
beer

1/3 1/3

2E 20DKr

1 1

1/3

1/3
1/3

1/3

1

x1

co↵e

1

beer

1/3 1/3

2E 20DKr

1 1

1/3
1/3

1

2/3

x2

beer

co↵e
beer

(E) Consider the following reactive LTSs. For every pair of systems, find a
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[Ex. 6] Use PEPA to model the service system of Ex. 4 (for N = 3), using
action new for spawning a new instance and action end to terminate it.
Design a second PEPA process to model a system composed by 3 independent
service components, each with N = 1. Are the two systems CTMC bisimilar?

1Imagine the number of clients is fixed. When i instances of the service are already
active to serve i clients, then the number of clients that can require a new instance of the
service is decreased by i.
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[Ex. 4] Consider a CTMC with N +1 states, each representing the number
of active instances of a service, from 0 to a maximum N . Let i denote the
number of currently active instances. A new instance is spawned with rate

�i
def
= (N � i) ⇥ �

for some fixed �, i.e., the rate decreases as the number of instances already
running increases,1 while a running instance is terminated with rate

µi
def
= i ⇥ µ

for some fixed µ, i.e., the rate increases as there are more active instances to
be terminated. Let N = 3, then:

1. Model the system as a CTMC.

2. Use the infinitesimal generator matrix to find the steady state proba-
bility distribution.

[Ex. 5] Consider the following reactive PTSs. For every pair of systems,
check whether their initial states are bisimilar. If they are, describe the
bisimulation, if they are not, find a formula of the Larsen-Skou logic that
distinguishes them.

(E) Can you interpreted a generative LTS as a simple Segala automaton?
(E) In the definitions of probabilistic LTSs we allow the use of subprobability
distribution instead of just probability distribution. The missing probability
represents the probability of blocking. Suppose we give an alternative definition
where only probability distributions are allowed. Can you simulate subproba-
bilities in this restricted setting?

9.4 Section 4

(E) If in the definition of reactive LTS we only allow probability distributions
(instead of subprobability distributions), then every two processes are bisimlar.
Prove it.
(E) Consider the following reactive LTSs. For every pair of systems, check
whether their initial states are bisimilar. If they are, describe the bisimulation,
if they are not, find a formula of the Larsen-Skou logic that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.
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[Ex. 6] Use PEPA to model the service system of Ex. 4 (for N = 3), using
action new for spawning a new instance and action end to terminate it.
Design a second PEPA process to model a system composed by 3 independent
service components, each with N = 1. Are the two systems CTMC bisimilar?

1Imagine the number of clients is fixed. When i instances of the service are already
active to serve i clients, then the number of clients that can require a new instance of the
service is decreased by i.

[Ex. 4] Consider a CTMC with N +1 states, each representing the number
of active instances of a service, from 0 to a maximum N . Let i denote the
number of currently active instances. A new instance is spawned with rate

�i
def
= (N � i) ⇥ �

for some fixed �, i.e., the rate decreases as the number of instances already
running increases,1 while a running instance is terminated with rate

µi
def
= i ⇥ µ

for some fixed µ, i.e., the rate increases as there are more active instances to
be terminated. Let N = 3, then:

1. Model the system as a CTMC.

2. Use the infinitesimal generator matrix to find the steady state proba-
bility distribution.

[Ex. 5] Consider the following reactive PTSs. For every pair of systems,
check whether their initial states are bisimilar. If they are, describe the
bisimulation, if they are not, find a formula of the Larsen-Skou logic that
distinguishes them.

(E) Can you interpreted a generative LTS as a simple Segala automaton?
(E) In the definitions of probabilistic LTSs we allow the use of subprobability
distribution instead of just probability distribution. The missing probability
represents the probability of blocking. Suppose we give an alternative definition
where only probability distributions are allowed. Can you simulate subproba-
bilities in this restricted setting?

9.4 Section 4

(E) If in the definition of reactive LTS we only allow probability distributions
(instead of subprobability distributions), then every two processes are bisimlar.
Prove it.
(E) Consider the following reactive LTSs. For every pair of systems, check
whether their initial states are bisimilar. If they are, describe the bisimulation,
if they are not, find a formula of the Larsen-Skou logic that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.
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[Ex. 6] Use PEPA to model the service system of Ex. 4 (for N = 3), using
action new for spawning a new instance and action end to terminate it.
Design a second PEPA process to model a system composed by 3 independent
service components, each with N = 1. Are the two systems CTMC bisimilar?

1Imagine the number of clients is fixed. When i instances of the service are already
active to serve i clients, then the number of clients that can require a new instance of the
service is decreased by i.
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[Ex. 4] Consider a CTMC with N +1 states, each representing the number
of active instances of a service, from 0 to a maximum N . Let i denote the
number of currently active instances. A new instance is spawned with rate

�i
def
= (N � i) ⇥ �

for some fixed �, i.e., the rate decreases as the number of instances already
running increases,1 while a running instance is terminated with rate

µi
def
= i ⇥ µ

for some fixed µ, i.e., the rate increases as there are more active instances to
be terminated. Let N = 3, then:

1. Model the system as a CTMC.

2. Use the infinitesimal generator matrix to find the steady state proba-
bility distribution.

[Ex. 5] Consider the following reactive PTSs. For every pair of systems,
check whether their initial states are bisimilar. If they are, describe the
bisimulation, if they are not, find a formula of the Larsen-Skou logic that
distinguishes them.

(E) Can you interpreted a generative LTS as a simple Segala automaton?
(E) In the definitions of probabilistic LTSs we allow the use of subprobability
distribution instead of just probability distribution. The missing probability
represents the probability of blocking. Suppose we give an alternative definition
where only probability distributions are allowed. Can you simulate subproba-
bilities in this restricted setting?

9.4 Section 4

(E) If in the definition of reactive LTS we only allow probability distributions
(instead of subprobability distributions), then every two processes are bisimlar.
Prove it.
(E) Consider the following reactive LTSs. For every pair of systems, check
whether their initial states are bisimilar. If they are, describe the bisimulation,
if they are not, find a formula of the Larsen-Skou logic that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.
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[Ex. 6] Use PEPA to model the service system of Ex. 4 (for N = 3), using
action new for spawning a new instance and action end to terminate it.
Design a second PEPA process to model a system composed by 3 independent
service components, each with N = 1. Are the two systems CTMC bisimilar?

1Imagine the number of clients is fixed. When i instances of the service are already
active to serve i clients, then the number of clients that can require a new instance of the
service is decreased by i.

[Ex. 4] Consider a CTMC with N +1 states, each representing the number
of active instances of a service, from 0 to a maximum N . Let i denote the
number of currently active instances. A new instance is spawned with rate

�i
def
= (N � i) ⇥ �

for some fixed �, i.e., the rate decreases as the number of instances already
running increases,1 while a running instance is terminated with rate

µi
def
= i ⇥ µ

for some fixed µ, i.e., the rate increases as there are more active instances to
be terminated. Let N = 3, then:

1. Model the system as a CTMC.

2. Use the infinitesimal generator matrix to find the steady state proba-
bility distribution.

[Ex. 5] Consider the following reactive PTSs. For every pair of systems,
check whether their initial states are bisimilar. If they are, describe the
bisimulation, if they are not, find a formula of the Larsen-Skou logic that
distinguishes them.

(E) Can you interpreted a generative LTS as a simple Segala automaton?
(E) In the definitions of probabilistic LTSs we allow the use of subprobability
distribution instead of just probability distribution. The missing probability
represents the probability of blocking. Suppose we give an alternative definition
where only probability distributions are allowed. Can you simulate subproba-
bilities in this restricted setting?

9.4 Section 4

(E) If in the definition of reactive LTS we only allow probability distributions
(instead of subprobability distributions), then every two processes are bisimlar.
Prove it.
(E) Consider the following reactive LTSs. For every pair of systems, check
whether their initial states are bisimilar. If they are, describe the bisimulation,
if they are not, find a formula of the Larsen-Skou logic that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.
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[Ex. 6] Use PEPA to model the service system of Ex. 4 (for N = 3), using
action new for spawning a new instance and action end to terminate it.
Design a second PEPA process to model a system composed by 3 independent
service components, each with N = 1. Are the two systems CTMC bisimilar?

1Imagine the number of clients is fixed. When i instances of the service are already
active to serve i clients, then the number of clients that can require a new instance of the
service is decreased by i.
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[Ex. 4] Consider a CTMC with N +1 states, each representing the number
of active instances of a service, from 0 to a maximum N . Let i denote the
number of currently active instances. A new instance is spawned with rate

�i
def
= (N � i) ⇥ �

for some fixed �, i.e., the rate decreases as the number of instances already
running increases,1 while a running instance is terminated with rate

µi
def
= i ⇥ µ

for some fixed µ, i.e., the rate increases as there are more active instances to
be terminated. Let N = 3, then:

1. Model the system as a CTMC.

2. Use the infinitesimal generator matrix to find the steady state proba-
bility distribution.

[Ex. 5] Consider the following reactive PTSs. For every pair of systems,
check whether their initial states are bisimilar. If they are, describe the
bisimulation, if they are not, find a formula of the Larsen-Skou logic that
distinguishes them.

(E) Can you interpreted a generative LTS as a simple Segala automaton?
(E) In the definitions of probabilistic LTSs we allow the use of subprobability
distribution instead of just probability distribution. The missing probability
represents the probability of blocking. Suppose we give an alternative definition
where only probability distributions are allowed. Can you simulate subproba-
bilities in this restricted setting?

9.4 Section 4

(E) If in the definition of reactive LTS we only allow probability distributions
(instead of subprobability distributions), then every two processes are bisimlar.
Prove it.
(E) Consider the following reactive LTSs. For every pair of systems, check
whether their initial states are bisimilar. If they are, describe the bisimulation,
if they are not, find a formula of the Larsen-Skou logic that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.
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[Ex. 6] Use PEPA to model the service system of Ex. 4 (for N = 3), using
action new for spawning a new instance and action end to terminate it.
Design a second PEPA process to model a system composed by 3 independent
service components, each with N = 1. Are the two systems CTMC bisimilar?

1Imagine the number of clients is fixed. When i instances of the service are already
active to serve i clients, then the number of clients that can require a new instance of the
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[Ex. 6] Use PEPA to model the service system of Ex. 4 (for N = 3), using
action new for spawning a new instance and action end to terminate it.
Design a second PEPA process to model a system composed by 3 independent
service components, each with N = 1. Are the two systems CTMC bisimilar?

1Imagine the number of clients is fixed. When i instances of the service are already
active to serve i clients, then the number of clients that can require a new instance of the
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[Ex. 4] Consider a CTMC with N +1 states, each representing the number
of active instances of a service, from 0 to a maximum N . Let i denote the
number of currently active instances. A new instance is spawned with rate

�i
def
= (N � i) ⇥ �

for some fixed �, i.e., the rate decreases as the number of instances already
running increases,1 while a running instance is terminated with rate

µi
def
= i ⇥ µ

for some fixed µ, i.e., the rate increases as there are more active instances to
be terminated. Let N = 3, then:

1. Model the system as a CTMC.

2. Use the infinitesimal generator matrix to find the steady state proba-
bility distribution.

[Ex. 5] Consider the following reactive PTSs. For every pair of systems,
check whether their initial states are bisimilar. If they are, describe the
bisimulation, if they are not, find a formula of the Larsen-Skou logic that
distinguishes them.

(E) Can you interpreted a generative LTS as a simple Segala automaton?
(E) In the definitions of probabilistic LTSs we allow the use of subprobability
distribution instead of just probability distribution. The missing probability
represents the probability of blocking. Suppose we give an alternative definition
where only probability distributions are allowed. Can you simulate subproba-
bilities in this restricted setting?

9.4 Section 4

(E) If in the definition of reactive LTS we only allow probability distributions
(instead of subprobability distributions), then every two processes are bisimlar.
Prove it.
(E) Consider the following reactive LTSs. For every pair of systems, check
whether their initial states are bisimilar. If they are, describe the bisimulation,
if they are not, find a formula of the Larsen-Skou logic that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.

26

co↵e
beer

1/3 1/3

2E 20DKr

1 1

1/3

1/3
1/3

1/3

1

x1

co↵e

1

beer

1/3 1/3

2E 20DKr

1 1

1/3
1/3

1

2/3

x2

beer

co↵e
beer

(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.

26

[Ex. 6] Use PEPA to model the service system of Ex. 4 (for N = 3), using
action new for spawning a new instance and action end to terminate it.
Design a second PEPA process to model a system composed by 3 independent
service components, each with N = 1. Are the two systems CTMC bisimilar?

1Imagine the number of clients is fixed. When i instances of the service are already
active to serve i clients, then the number of clients that can require a new instance of the
service is decreased by i.
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Ex. 5, reactive PTS
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[Ex. 4] Consider a CTMC with N +1 states, each representing the number
of active instances of a service, from 0 to a maximum N . Let i denote the
number of currently active instances. A new instance is spawned with rate

�i
def
= (N � i) ⇥ �

for some fixed �, i.e., the rate decreases as the number of instances already
running increases,1 while a running instance is terminated with rate

µi
def
= i ⇥ µ

for some fixed µ, i.e., the rate increases as there are more active instances to
be terminated. Let N = 3, then:

1. Model the system as a CTMC.

2. Use the infinitesimal generator matrix to find the steady state proba-
bility distribution.

[Ex. 5] Consider the following reactive PTSs. For every pair of systems,
check whether their initial states are bisimilar. If they are, describe the
bisimulation, if they are not, find a formula of the Larsen-Skou logic that
distinguishes them.

(E) Can you interpreted a generative LTS as a simple Segala automaton?
(E) In the definitions of probabilistic LTSs we allow the use of subprobability
distribution instead of just probability distribution. The missing probability
represents the probability of blocking. Suppose we give an alternative definition
where only probability distributions are allowed. Can you simulate subproba-
bilities in this restricted setting?

9.4 Section 4

(E) If in the definition of reactive LTS we only allow probability distributions
(instead of subprobability distributions), then every two processes are bisimlar.
Prove it.
(E) Consider the following reactive LTSs. For every pair of systems, check
whether their initial states are bisimilar. If they are, describe the bisimulation,
if they are not, find a formula of the Larsen-Skou logic that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.
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(E) Consider the following reactive LTSs. For every pair of systems, find a
formula of the Larsen-Skou logic without negation that distinguishes them.

26

[Ex. 6] Use PEPA to model the service system of Ex. 4 (for N = 3), using
action new for spawning a new instance and action end to terminate it.
Design a second PEPA process to model a system composed by 3 independent
service components, each with N = 1. Are the two systems CTMC bisimilar?

1Imagine the number of clients is fixed. When i instances of the service are already
active to serve i clients, then the number of clients that can require a new instance of the
service is decreased by i.
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Ex. 6, PEPA

S30 , (new , 3�).S31
S31 , (new , 2�).S32 + (end , µ).S30
S32 , (new ,�).S33 + (end , 2µ).S31
S33 , (end , µ).S32

<latexit sha1_base64="hboFXnItaQXLdEvNLHPL93q9a9o="></latexit>

S10 , (new ,�).S11
S11 , (end , µ).S10

<latexit sha1_base64="p4j7tbCrdQcTeBoCMvrWxwoN4NQ="></latexit>

S30
?'C S10 k S10 k S10

<latexit sha1_base64="w1MiK+ZagbNdjYIHlUseyKyDi7w="></latexit>

0
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((
1

µ
hh

2�
((
2

2µ

hh

�
((
3

µ
hh

<latexit sha1_base64="JmuE6OON80YUkkggmA/E1gqQBh0="></latexit>

Ex 4
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S30

(new ,3�)

⌦⌦
S31

(end,µ)

II

(new ,2�)

⌦⌦
S32

(end,2µ)

II

(new ,�)

⌦⌦
S33

(end,3µ)

II

<latexit sha1_base64="zVTr4Nk/j4gQmq5GZcJtEb3hd3M="></latexit>

S10

(new ,�)

⌦⌦
S11

(end,µ)

II

<latexit sha1_base64="hpFAL6ozdBUCe+euL862vS6Wfxk="></latexit>

Ex. 6, PEPA
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S10 k S10 k S10

(new ,�)

⌦⌦(new ,�)uu

(new ,�)

##
S11 k S10 k S10 S10 k S11 k S10 S10 k S10 k S11

<latexit sha1_base64="DQsIfA/Ib2EaO79P+iNABloj8xs="></latexit>

Ex. 6, PEPA
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S10 k S10 k S10

(new ,�)

⌦⌦(new ,�)uu

(new ,�)

##
S11 k S10 k S10

(end,µ) 55

(new ,�)

⌦⌦

(new ,�)

##

S10 k S11 k S10 S10 k S10 k S11

S11 k S11 k S10 S11 k S10 k S11 S10 k S11 k S11

<latexit sha1_base64="8y7J05DJ/3M16xD5uvW9jn3S77s="></latexit>
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S10 k S10 k S10

(new ,�)

⌦⌦(new ,�)uu

(new ,�)

##
S11 k S10 k S10

(end,µ) 55

(new ,�)

⌦⌦

(new ,�)

##

S10 k S11 k S10 S10 k S10 k S11

S11 k S11 k S10

(end,µ)

II (end,µ) 55

(new ,�)

##

S11 k S10 k S11 S10 k S11 k S11

S11 k S11 k S11

<latexit sha1_base64="0uBt62BdMHYUuHdsELWy0jscyso="></latexit>
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⌦⌦(new ,�)uu

(new ,�)
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S11 k S10 k S10

(end,µ) 55

(new ,�)
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(end,µ)

II (end,µ) 55

(new ,�)
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S11 k S10 k S11 S10 k S11 k S11

S11 k S11 k S11
(end,µ)

cc

(end,µ)

II (end,µ) 55

<latexit sha1_base64="9GHSQAgM/+bPQ+LF8BBQz4zAkMs="></latexit>
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(end,µ) 55
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(end,µ)
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(end,µ)

II (end,µ) 55
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S11 k S10 k S11
(end,µ)

cc (end,µ) 55

(new ,�)
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(end,µ)
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<latexit sha1_base64="aofI13dQPhNGngjASXvT8bcDI1o="></latexit>
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(new ,�)
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S11 k S10 k S10

(end,µ) 55
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II (end,µ) 55

(new ,�)
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S11 k S10 k S11
(end,µ)

cc (end,µ) 55

(new ,�)
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(new ,�)uu
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(end,µ)

cc

(end,µ)

II (end,µ) 55

<latexit sha1_base64="aofI13dQPhNGngjASXvT8bcDI1o="></latexit>

is a CTMC bisimulation

S30

(new ,3�)

⌦⌦
S31

(end,µ)

II

(new ,2�)

⌦⌦
S32

(end,2µ)

II

(new ,�)
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S33

(end,3µ)
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<latexit sha1_base64="zVTr4Nk/j4gQmq5GZcJtEb3hd3M="></latexit>

R = { {S30 , S10 k S10 k S10} ,

<latexit sha1_base64="jeGQ99JKd05drtVPbu6gJV1Rqwc="></latexit>
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<latexit sha1_base64="++l+dGsw09YNfyLw0Rm6dQnHExk="></latexit>
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<latexit sha1_base64="LXiTF+0cfGVxdWbk92uACvk4/eU="></latexit>

{S33 , S11 k S11 k S11} }

<latexit sha1_base64="BSPHut1EF2+/DE1WGDfPwO3wOwo="></latexit>
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<latexit sha1_base64="KJdSWvlkLKLs+0Ya4EI5uYUHTSs=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYNiXojetEbRnkksCG9Q4MTZh+Z6TWSDV9gvOp3eDNe/Qo/wz9wWTkIWKdKVXdXp7xISUO2/WXllpZXVtfy64WNza3tneLuXsOEsRZYF6EKdcsDg0oGWCdJCluRRvA9hU1veDnxmw+ojQyDOxpF6PowCGRfCqBUur3uOt1iyS7bGfgicaakxKaodYvfnV4oYh8DEgqMaTt2RG4CmqRQOC50YoMRiCEMsJ3SAHw0bpK9OuZHsQEKeYSaS8UzEf9uJOAbM/K9dNIHujfz3kT8z2vH1D9zExlEMWEgJkEkFWZBRmiZdoC8JzUSweRz5DLgAjQQoZYchEjFOC1l5igo5SaPo3HakTPfyCJpnJSdSvn8plKqXkzbyrMDdsiOmcNOWZVdsRqrM8EG7Jm9sFfryXqz3q2P39GcNd3ZZzOwPn8AED+ayQ==</latexit>

I2

<latexit sha1_base64="WMoP6DB2RWtVSnqrKw79Zh9dC7c=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJiXojetEbRkES2JDeocEJs4/M9BrJhi8wXvU7vBmvfoWf4R+4ixwErFOlqrurU16kpCHb/rJyS8srq2v59cLG5tb2TnF3r2nCWAtsiFCFuuWBQSUDbJAkha1II/iewjtveJH5dw+ojQyDWxpF6PowCGRfCqBUurnqVrrFkl22J+CLxJmSEpui3i1+d3qhiH0MSCgwpu3YEbkJaJJC4bjQiQ1GIIYwwHZKA/DRuMnk1TE/ig1QyCPUXCo+EfHvRgK+MSPfSyd9oHsz72Xif147pv6pm8ggigkDkQWRVDgJMkLLtAPkPamRCLLPkcuAC9BAhFpyECIV47SUmaOglJs8jsZpR858I4ukWSk71fLZdbVUO5+2lWcH7JAdM4edsBq7ZHXWYIIN2DN7Ya/Wk/VmvVsfv6M5a7qzz2Zgff4AEeKayg==</latexit>

I3

<latexit sha1_base64="kcLbxKPpNWho6ct2NbEL4aXK+Kg=">AAACCXicbVDLTgJBEJz1ifhCPXqZSEw8kV0lUW9EL3rDKI8ENqR3aHDC7CMzvUay4QuMV/0Ob8arX+Fn+AcuKwcB61Sp6u7qlBcpaci2v6yFxaXlldXcWn59Y3Nru7CzWzdhrAXWRKhC3fTAoJIB1kiSwmakEXxPYcMbXI79xgNqI8PgjoYRuj70A9mTAiiVbq87J51C0S7ZGfg8cSakyCaodgrf7W4oYh8DEgqMaTl2RG4CmqRQOMq3Y4MRiAH0sZXSAHw0bpK9OuKHsQEKeYSaS8UzEf9uJOAbM/S9dNIHujez3lj8z2vF1DtzExlEMWEgxkEkFWZBRmiZdoC8KzUSwfhz5DLgAjQQoZYchEjFOC1l6igo5SaPw1HakTPbyDypH5eccun8plysXEzayrF9dsCOmMNOWYVdsSqrMcH67Jm9sFfryXqz3q2P39EFa7Kzx6Zgff4AE4Wayw==</latexit>

�C(S
3
1, I0) = µ

<latexit sha1_base64="EltXeKyAHoTttawRff7PYVyZ7eU=">AAACKnicbVDLSsNAFJ34flt16WawCApSEhXUhSC60Z2iVaGJ4Wa8rUNnkjBzI5bQvR8jbvU73Ilbf8A/MI1d+Dqrwzn3eaJUSUuu++oMDA4Nj4yOjU9MTk3PzFbm5s9tkhmBdZGoxFxGYFHJGOskSeFlahB0pPAiah/0/ItbNFYm8Rl1Ugw0tGLZlAKokMLKkt8CrSE8WPE10I1t5qfd0LvaWDsK3VW+y32dhZWqW3NL8L/E65Mq6+M4rHz414nINMYkFFjb8NyUghwMSaGwO+FnFlMQbWhho6AxaLRBXv7S5cuZBUp4ioZLxUsRv3fkoK3t6KioLA/+7fXE/7xGRs3tIJdxmhHGoreIpMJykRVGFiEhv5YGiaB3OXIZcwEGiNBIDkIUYlak9mMoKBXkd51ukZH3O5G/5Hy95m3Wdk42q3v7/bTG2CJbYivMY1tsjx2yY1Zngt2zR/bEnp0H58V5dd6+Sgecfs8C+wHn/RMK76az</latexit>

�C(S
3
1, I2) = 2�

<latexit sha1_base64="/4woKYO0wjGQn8mOCNlsadwRmVA="></latexit>

�C(S
1
1 k S10 k S10, I2) = 2�

<latexit sha1_base64="j51G25YXdAuAJI35CHxjGkvpWOI="></latexit>

�C(S
1
1 k S10 k S10, I0) = µ

<latexit sha1_base64="sCdWm/2k7x6suXpIdutSKOKOGGM="></latexit>

etc.

Ex. 6, PEPA
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